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motion, the lower equilibrium position.
We now consider the upper equilibrium positon of the pendulum, which becomes stable for
k* < 0,5 /10/. Taking the average of the force function and the kinetic energy just as we
did for the lower equilibrium position, we again obtain the maximum of the mean U and the
minimum of the mean T at the stable upper equilibrium position.

Therefore, an approximate analysis of the values of (U, <TY in specific mechanics
problems verifies the V.V. Beletskii hypothesis and also enables us to propose a hypothesis
about the minimality of the mean value of the kinetic energy and the minimality of the mean
value of the total energy T — U of mechanical systems in stable isolated synchronous motions.

The author is grateful to V.V. Beletskii for his interest.
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ON OSCILLATIONS OF A GYROSTAT AROUND STABLE PERMANENT ROTATIONS

M.P. TSOPA

The oscillations of a gyrostat with constant gyrostatic moment are invest-
igated by the method of averaging for the Euler, Lagrange and Kovalevskaya cases,
which are analogous to the oscillations studied earlier /1/ of a solid
around its stable permanent rotations.

We consider the perturbed motion of a gyrostat in the neighbourhood of permanent rotations
in a central Newtonian field /2/ whose force function is given by

U= —mg (zo¥y + Yov2 + Zo¥s) — Yapt (AV:® -+ Bv® + Cy5%), = 3¢/R.

Here A, B, C are the principal moments of gyrostat inertia, y; are the direction cosines
of the z-coordinate axis in the principal axes of inertia, Zo, Yor %y are coordinates of the
centre of gyrostat mass in the axes of inertia, m is the gyrostat mass, and g is the accelera-
tion due to gravity at a distance R from the gravitating centre.

In the Euler, Lagrange, and Kovalevskaya cases the characteristic equation of the first
approximation has one or two zero roots and one or two pairs of pure imaginary roots. Consequ-
ently, the transformation from the variables z; to the amplitudes a;, & and phases u; in matrix
form will be N

z =D a,[Re ¥ (iw,) cosu, — Im V' (@) sinu] - . () (1)

where iQ,V, are non-zero columns for the pure imaginary and zero roots of the associated matrix
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of the first approximation equations.

In the Euler case (z,= yo= z, = 0) the equations of motion of a gyrostat with constant
gyrostatic moment (ki = const) in a homogeneous gravitational field (p=0) allow of the partic-
ular solution p=g¢g=0;r= 0= const for k = k,= 0, ky = k = const, where p, g, r are the components
of the angular velocity along the principal axes of inertia. Setting p=az, g=12,, r= 0+ 24
in the perturbed motion, we have the equations

2+ Qs + azpry = 0, 7, — Q1 — bz =0, 23 — ez, = 0 (2)
a= (C — B)/A, b (C — 4)/B, c¢= (A — B)/C
% =klA, % =k/B, Q = a0+ %, Q= b+ %

We linarize the perturbed motion equations (2) and form the matrix (D = d/dt is the differ-
entiation operator)

D 9 0
fDy=]—9 D o
0 0 D

When the conditions /3/ A>C,, B>C(,, are satisfied, where ¢, = C 4 klw, gyrostat rota-
tion around the :z-coordinate axis is stable and the characteristic equation A[A2+4 Q,Q,]=0
has the zeroc root A, =0 and the pair of pure imaginary roots hy;= +iQ = +iQ,Q, If the
quantity €; >0, then it can be treated as a reduced moment of inertia of the gyrostat for
the permanent z axis. In the case when k and o are opossite in sign, the quantity ¢ can be
negative, hence the motion will always be stable.

The columns of the associated matrix of the pure imaginary roots h_,,,=j:i€2 are mutually
proportional; consequently, by selecting

_Q;h! N
Vl(im)=l Q. Va0 =jol
o s

as independent, we write the equations of perturbed motion of the gyrostat in normal coord-

inates as follows:
a” = (b, — a%,) Q71Eaysin u cos u, = QR 0 %a,%sin u cos u (3)

L= Q 4 RIE (abo -+ anysin® u + bx cosu)

Equations (3) averaged with respect to the angular variable u have the solution

g =ay,, E=§ (4)
u = [Q 4 1,971t (2abw + any + bx,)] t + vy = 0% + u,

The amplitudes ¢, and { are considered to be constant in the calculation of the means.
The solution (4) obtained for the approximate equations is a solution of the exact equations
(not the averagedones) for ¢=10, i.e., for A4 = B. The solution (4) describes the gyrostat
oscillation in the variables z; and z, with period T = 2n/e*.
The phase trajectories in the space of the variables =z, z,, 2, are ellipses whose planes
are parallel to the sz, plane. The results obtained for k=0 agree with the results in /1/.
For gyrostat motion in a central Newtonian force field the Euler-Poisson equations allow
of the particular solution p=g¢=0, r=0, y,=9%=0, ys=1 for k =1k = 0, ks = k = const. Setting
P=Z4 §=23, I'= O+ T3 V1= VY V2= V2. Ys= 1+ ¥y in the perturbed motion, we arrive at the equa-
tions o'+ iz — apy; + @ (535 — Puayy) = 0 ®)
z, — Qazy + buyy — b (3375 — ppyys) = 0
23— co@ — Uyye) = 0, ¥+ 1 — Qyy - 2y — Zay, = 0
Y — oo ~nys T T =0, ¥y + 2y — 2y, =0
The characteristic equation of the linearized system (5)
MAM+mR+n=0 m= e+ QQ — u(a+ b
n= Q,Q0% — p (2abw + axy 4 bx;) © + abu?

has two zero roots and two pairs of purely imaginary roots Hioy.
The perturbed motion equations (5) in normal coordinates take the following form after
averaging over the angular variables u;:

2
2" =0, & =0, u' =0+ (= Dl 2'1 (a(i:) - BS:)) S0 =" (é)
1=

o = (— 1) n (Wilad, o e R d, g es ) (B — dudi) ™
B = (= 1) (w1 0d 500 5 4 + € 5 rdgi 1) mcia — Cuea)
o = 0,2 [{0° — 0,2 Q, — pbd], €y = 0,2 [02: — 0,2 — pb]
dyx =mk3 (u’—mkﬁ——pb)," dgy =mk3 (@ — Q) (k=1,2)
The solution of these equations ey = ayg, Ex = Exo, ur = 0kt + upe shows that the perturbations
z; and y; are gquasiperiodic functions of time with period Ty=2n/w*
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In the Lagrange case (z, =y, =0, 4 = B), the Euler-Poisson equations for a gyrostat with
constant gyrostatic moment in a central Newtonian field allow of the particular solution p =
g=0,7=v2=0,r=0, y3=1 for k =k =10 and ky =k = const. Setting P=2y, ¢ =%y V=Y, V3= U
Ya=1+ys in the perturbed motion, we obtain the perturbed motion equations

7' —azg—(b— ) ya+ Wy =0, 73" azy + (5 — K yy — Wy =0 (73
i+ T3~y t+ 2y =0, yy —z 4y — 2y =0
Vs — oyt oy =0, =0
a=[(4d —C)r— kA, b= mgz/Ad, p, = (4 — C) n/4
The characteristic equation
AR (=206 +a? +2p) M+ (ar + b — ¥ =0
of the linearized system has one zero root and two pairs of purely imaginary roots +iwg. The
transformation of (1) to three amplitudes g4, § and two phases u, and 4, has the form
: 2 2
7= — D djacosu, y=— 3 dya; cosu; (8)
i=1 i=]

2 2
7= 3 e sing, = 3 e sinu,  yi=§

iss] i=a]
e =r{ar +b—p)—amp, ey =ar+b—p 4ol
dlkz——(:)k(mk’-[v—b—}ll—rz)y d2k=(¢+l')6)k (k=1,2)

Substituting (8) into (7), we obtain equations in normal coordinates which will have the
following form after the average has been taken over the angular variables uy:

a =0, &=0, u'5'= “'k“l‘ (= 1)L E @A) Yy, + Byy) = @, * (9)
d=(ar + b — p)a+r) (02 — &%

g = €1, 3—k%1x — P16, 5 Fny

Brx = ey, a—k — B1dy 3

and their solution will be
ak=ak0' E=FE, uk=wk‘t+uko (lo)

It can be concluded on the basis of (10) that the variables azx, yp are quasiperiodic
functions of time with the periods Ty = 2a/wx*.

In the case of gyrostat motion in a homogeneous gravity field, the perturbed motion equa-
tions, the averaged equations, and their solutions are obtained from (7)—(l0) by substituting
n=0.

We now examine gyrostat oscillation in a central Newtonian force field in the Kovalevskaya
case (yo =12, =0, A = B = 2C). The equations of motion allow of the particular solution p= o0, ¢=
r=vy,=y3=0, yw=1 for k,=k; =0, k, = k = const, The perturbed motion equations will be

2z, — 237y + Pyays = 0 (11)

22y + (0 + %) 23 — ays+ 373 — pys (1 +91) = 0

Ty —uzy +ayy =0, w1’ + zayy — Ty = 0

Vo tzs—(0+z)ys+ 2 =0, 45’ — s+ (@4 2) y3 + 2y =0

a = 2mgzy/A, % = 2k/A

The characteristic equation of the linearized system (11)
2A3 (204 4 (20® — 32 + k(@ + %) — p) AP + a (@ — @ + p) +-
*0 (0 — 22 — p + ox)] =0 .

has two zero roots and two parirs of purely imaginary roots 4iwxy for stable permanent rota-
tions a< xw, consequently, transformation of the equations to the normal coordinates a, Ex, ux
is by the following formulas:

2 2
: \l
n=E, z=— 3 dyesinu, z3= D ¢ e cosy,
i=1 =1
2 2
=, p=— dg,8, 8inu;, y3= D) cy0; cOS U,
i=1 i=1

= — 2 w2 = 2 __
€y = 80 — % (0 %), Cp=c+tay A

dip = @+ 02—, dy=—0,(0—2x (k=1,2)

The averaged equations
g =0, E =0, u =o,+ (-2 (e, +p,)=0"
Gy = €1, gx [ Baay + Eedyp Heuloe — c1000) ™2
Bk = [— 812y dy 5 +eny 3 ) +
€ (c1x), guug + 27 Mg dy 5 ) A0y — dindn) ™!
have the solution a; = ake, Ex = Eke. ux = @i*t + upe, which shows that the variables z;, y; are quasi-
periodic functions of the time with the periods Ty = 2m/wx*.
If the gyrostat motion occurs in a homogeneous garvity field (p = 0), then the motion in
the z;, yi variables remains quasiperidic.
The presence of a gyrostatic moment results in a change in the oscillation frequencies
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in the neighbourhood of stable rotations.
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ON THE NON-UNIQUENESS. OF NON-LINEAR WAVE SOLUTIONS
IN A VISCOUS LAYER

A.V. BUNOV, E.A. DEMEKHIN, and V.YA. SHKADOV

Solutions of the stationary travelling wave type are considered in draining
layers of a viscous fluid. A one-parameter family of waves /1/ is studied
that softly branches off into the upper branch of the neutral stability
curve of the plane-parallel flow and goes over into a negative soliton
(phase velocity e<(3) as the wave number tends to zero. It is shown that
this family is not unique: for small values of the parameter & character-
izing the mass flow rate, a second and third family of waves branches off
from it with half the period. The critical value &=6, is found for
which the bifurcation points of the second and third families merge, while
for 8>3, they go into the complex plane; a dependence of the wave number
on & for which the bifurcation occurs is obtained analytically. The
properties of the second family of the periodic wave and positive soliton
type, for which ¢>3 are studied. The solutions are constructed numer-
ically: the periodic solutions are continued in the parameter from the
bifurcation points or from the known solutions by using the method of
invariant imbedding; the soliton solutions are constructed by joining the
linear asymptotic forms as the values of the longitudinal coordinate tend
to infinity.

Steady wave motions of a viscous fluid in a plane layer on a vertical surface are

in the long-wave approximation by the equation /2, 3/

K" - 816(q— e — M b + [ —g—ch—1)]=0 (1.1
b= 375y R = s agT

k(zr) is the layer thickness, g is the mean flow rate, c is the phase velocity refer-

red to the mean flow rate velocity of the laminar waveless flow, ¢ is the surface tension, R
is Reynolds number calculated from the mean flow rate and the layer thickness corresponding
to waveless flow, and z is the longitudinal coordinate.

The conditions for periodic waves

2n/a

’ /
h(0)=h(—2%-), h'(0)=h'\3:—), h'(0)=h"(2"T), - S hdz = (1.2)
0
and for solitary waves (solitons)
h—1, ™M =0 as z—>+o (1.3)

The trivial solution hk(s)=1, ¢=1 corresponds to a plane- parallel waveless flow. As is
shown in /2/, a selfoscillating wave solution branches off softly from the trivial solution

at the point «,= V150 . The fundamental properties of these solutions are investigated in /2,

4/.

Introducing the small parameter e, we obtain the following expansion in the semicircle

a = a
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